Modeling of an air-fluid interface in an electric field is presented. Specifically, equilibrium of the interface under the dominant forces-electric stress, surface tension, and pressure-is investigated. Since interface shape and equilibrium are related, the shape of an electrified interface is also addressed. To determine the electric stress, an analytical expression for the electric field in the vicinity of the interface is determined. The operating point of the interface is shown to exist in a three-dimensional parameter space that is divided by a critical surface into equilibrium, quasiequilibrium, and nonequilibrium subdomains. The three parameters are applied voltage, electrode separation, and pressure difference. Interface size, counterelectrode size, and fluid properties are also considered. The subdomain in which the operating point resides defines the important characteristics of the interface. The operating point moves within, and transfers between, equilibrium subdomains, and points on the critical surface represent "rupture points" of the interface. The final shape of the interface is solved iteratively using this equilibrium model. Interfaces emitting an electrospray can have a range of apex angles, and it is shown that the magnitude of this angle impacts equilibrium. It is revealed that the excess pressure difference term is critical in determining the interface shape ͑specifically the cone generatrix͒ and that minimization of the potential energy of all forces can be used to predict the magnitude of the apex angle and pressure immediately after interface rupture. The equilibrium model is important from an operational and optimization perspective, as it is useful to predict the conditions required to break equilibrium and transfer to a quasiequilibrium state ͑i.e., an electrospray͒, and the conditions necessary to maintain quasiequilibrium once it is formed.
I. INTRODUCTION
The behavior of an air-fluid interface in a strong electric field was first studied by Zeleny 1 who observed the deformation of the liquid under the influence of a large applied voltage. He described the formation of a cone with a fine thread of liquid coming from the apex and the disintegration of the thread into small droplets after a short distance. Taylor 2 proposed a concise analytical model for the formation and structure of this electrified cone, the Taylor cone. Applying an electric field on the order of thousands of volts normal to the surface of the liquid, Taylor observed the formation of a conical liquid interface where a narrow jet of liquid droplets, an electrospray, was emitted from the apex.
Using a cone as the equilibrium shape, Taylor found that both surface tension and electric stress must vary with the inverse of the distance to the apex of the cone. Using the potential for a cone as determined by Hall, 3 Taylor found an equilibrium expression for the electrified cone and calculated only one possible angle where equilibrium exists.
Deviations between measured cone angles and Taylor's predicted angle were studied by Fernandez de la Mora, 4 who included the space charge in the emitted jet when predicting the shape of the interface. Fernandez de la Mora and Loscertales 5 and Ganan-Calvo et al. 6 defined scaling laws to predict the spray current and emitted droplet size. Cloupeau and Prunet-Foch, 7 in a mostly qualitative study, investigated different spraying modes ͑interface shapes͒ of a charged interface. They noted that for high conductivity liquids, there is a static equilibrium of forces at every point on the interface.
The shape and stability of electrified interfaces have been studied by Basaran and Scriven, 8 Harris and Basaran, 9 and Wohlhuter and Basaran. 10 These numerical investigations examined the impact of permittivity ratios and nonlinear polarization on interface shape, the impact of hysteresis on interface shape, and the problem of a nonconducting drop in a perfectly conducting medium. In other works, Stone et al. 11 investigated interface shape using the slender body theory, Reznik et al. 12 and Suvorov and Zubarev 13 examined the shape evolution of an electrified interface over time, and Cherney 14 investigated the structure of the Taylor cone and the emitted jet using perturbation methods.
There have been studies examining the suitability of Taylor's original equilibrium model. [15] [16] [17] [18] Sujatha et al. 15 approached the equilibrium of an electrified interface using the variational principle. 19 Among other issues outlined, the authors note that the excess pressure term is omitted in Taylor's equilibrium model. The assumptions and results in this body of work are disputed by Kingham and Bell 20 and Allen;  interface under electric stress is not the sole focus of the present study. The primary focus of this work is to develop an analytical model that relates the equilibrium and the observable characteristics of an electrified interface to operational parameters. This model is used to predict the conditions required ͑1͒ for the onset of an electrospray and ͑2͒ for maintaining an electrospray once it is formed. The main operational parameters are applied voltage, counterelectrode separation distance, and pressure difference across the interface. Fluid properties and the width of the interface and counterelectrode are also considered. The operational parameters are related to the three primary forces considered in this study: Electric ͑Maxwell͒ stress, surface tension, and pressure. Melcher 23 has also studied an air-fluid interface subjected to these forces. The issue of electrospray onset was first addressed by Taylor, who suggested an expression detailing the required voltage to form an electrospray. 2 In this study, a more thorough treatment of the problem is given, and the developed model reveals the relationship between interface equilibrium, interface shape, electrospray, and operational parameters. The model shows that the operational point of an electrified interface sits in a three-dimensional space of the main parameters. The parameter space is divided into subdomains, and the subdomain in which the operating point resides defines the important characteristics of the interface. One of the primary challenges in developing an analytical model for interface equilibrium is the determination of the electric stress. Previous work in this area generally employs numerical techniques to solve this problem. In this work, an analytical solution for the electric field that is accurate in the vicinity of the interface-the region required to calculate the electric stress-is determined. Treating the electric field is this way means that the impact of the operational parameters on electric stress, and therefore the structure of the operational domain, can be determined.
For an electrified interface, interface shape and equilibrium are dependent on each other. Because of this, the shape of the interface is addressed in this work, and two important aspects are dealt with: The effect of the ͑excess͒ pressure difference term and the importance of the apex angle. In contrast to previous work, the pressure difference is treated as an independent parameter, and variations in interface ͑cone͒ generatrix that are observed experimentally are explained. The variation of the apex angle from Taylor's calculation, identified previously, 4 is addressed. It is shown that energy minimization can be used to predict the apex angle and pressure difference immediately after interface rupture, and the importance of the magnitude of the apex angle on interface shape and equilibrium is revealed. It has been noted 11 that for previous models that consider high conductivity fluids, solutions for interfaces with a sharp apex cannot be found. In addition, Eggers 24 reported a drawback in previous numerical schemes, noting that they break down near the tip ͑apex͒ of the interface and they are unreliable in distinguishing between rounded and sharp ends. Interfaces with a sharp apex feature prominently in this study, as they are routinely found experimentally for situations involving electrospray, and the treatment of the apex in this study avoids the problems found in numerical schemes.
Accurate models that predict the characteristics of an electrified interface are important since electrospray is applied in a number of different applications. Most notably, the use of electrospray revolutionized the field of mass spectrometry, a result of the seminal work presented by Fenn et al. 25 Other applications of electrosprays include formation of thin films 26 and colloid thrusters for propulsion. 27 The model presented here is of particular importance to miniaturized electrospray emitters. Ramsey and Ramsey, 28 Licklider et al., 29 Le Gac et al., 30 and Bedair and Oleschuk   31 all report microscale emitters, often coupled with microfluidic channel networks, used in mass spectrometry. Improved design decisions for the emitters can be made if the conditions ͑based on the defined parameters͒ required for an electrospray can be predicted. It would be useful to apply the minimum required electric field ͑a function of voltage and separation distance͒ and pressure to form and maintain an electrospray. This minimizes the power requirements, the geometric constraints on channel size, and the mechanical stresses on the device. The results of this study help optimize the design and operation of microscale electrospray emitters.
II. PROBLEM FORMULATION
A two-dimensional plane model of the problem under consideration is shown in Fig. 1 . Fluid in a channel with width 2L is bounded by a fluid-air interface S f . Electrode S e with length 2L is situated at a separation distance h from the interface. A constant voltage V can be applied either to the interface S f or to the electrode S e . A Cartesian coordinate system Ox y is defined in such a way that the problem is symmetrical relative to the ȳ axis ͑Fig. 1͒.
The pressure difference p ϵ p f − p a is between the fluid to be sprayed, p f , and the surrounding medium, air, at p a . The interface is exposed to three forces: Pressure difference, surface tension, and electric force. The goal is to determine conditions when the interface is transformed from an equilibrium state to a quasiequilibrium state ͑i.e., an electrospray͒, and also the interface shape before and after transformation. Since the three parameters, pressure difference p, voltage V, and separation distance h, can be easily modified during experiments, it is especially important to investigate their influence on interface equilibrium and transformation. In Sec. III, stress equilibrium equations for the fluid-air interface are presented and the maximum pressure difference is found. In Sec. IV, a Fourier series representation of the electrostatic potential is calculated for a square domain adjoining to the interface. Boundary conditions for the corresponding boundary value problem were found using finite element simulations with the commercial package COMSOL 32 as functions of applied voltage V and separation distance h. The stress equilibrium equations are integrated in Sec. V, and a critical function is found. This function determines critical surfaces which give in the whole domain of operational parameters either an equilibrium subdomain for a smooth interface without a jet or a quasiequilibrium subdomain for a sharp interface with a jet. The dependence of interface shapes on pressure difference is discussed. In Sec. VI, a procedure using potential energy minimization that predicts the apex angle and pressure difference after the interface ruptures is described.
III. STRESS EQUILIBRIUM ON THE INTERFACE
A stress equilibrium equation is developed in this section. The equation includes three types of forces: pressure difference p between the inside and outside of the interface, surface tension of the fluid with coefficient ␥, and electric field due to voltage V applied either to the interface or to an electrode. The stress equilibrium equation is normalized, and the maximum allowed pressure is found.
The influence of gravitational forces on a static fluid can be characterized by the capillary constant
where f is the fluid density and g G is the gravitational acceleration. 33 For water at 20°C, the capillary constant is L c = 3.9 mm. For situations when L c L -where the parameter L represents the characteristic length-the gravitational forces can be neglected. Note that Taylor and McEvan 34 included gravitational forces since they considered that all of the fluid was under the electrode, and the characteristic length in that problem was equal to the size of the electrode L.
The fluid-air interface is shown in Fig. 2 and is described by the function where ȳ = ͑x͒. is the angle of the line tangent to the interface at x. If = ͑x͒ is known, the interface can be found by integrating d / dx = ͑x͒ϵtan ͑x͒ with boundary condition ͑−L ͒ =0.
A. Electrostatic field and electric stress
The unit outward normal to the interface is n = − i sin + j cos , ͑1͒
where the unit vectors i , j correspond to the x , ȳ directions ͑Fig. 2͒. The Laplace equation for electrostatic potential ⌽ in Cartesian coordinates has the form
where the constants V e and V f are voltages applied to the electrode and interface, respectively. Here, V e =0, V f = V. The solution of Eq. ͑2͒ is a function ⌽ = ⌽ ͑x , ȳ͒ of two variables.
The electric field in the plane ͑x , ȳ͒ is the gradient of the electrostatic potential:
35 Ē =−ٌ ⌽. The component Ē n of the electric field and the resulting electric stress T nn normal to the interface can be expressed as
where 0 is the dielectric constant of vacuum. Both Ē n and T nn are functions of one variable, x.
B. Stress equilibrium equation
Since the curvature of the interface is defined as the divergence of the normal n along the interface, 36 the projections on the normal of all forces applied to the interface ͑pressure difference, surface tension, and electric stress͒ result in the stress equilibrium equation
The stress equilibrium equation ͑4͒ makes no assumption about the interface shape. This equation needs to be satisfied for any point on the interface and for any coordinate x from −L to L . Note that in Ref. 2, the stress equilibrium equation was only realized for some chosen points on the interface. Using Eq. ͑1͒ for the interface normal n along the interface, the stress equilibrium equation ͑4͒ can be rewritten as d͓sin ͑x͔͒/dx = − ͓p + T nn ͑x͔͒/␥. ͑5͒
To integrate Eq. ͑5͒, the electrostatic potential ⌽ has to be found first. This is done in the next section.
C. Normalized equations for stress equilibrium
The relationships are nondimensionalized using scales for length L 0 , voltage V 0 , and pressure p a to introduce nondimensional parameters x , y , , p , ⌽ , v e , v f , E , E n , T nn , and the operator ٌ. The full set of equations describing the interface equilibrium are FIG. 2 . ͑Color online͒ Equilibrium of the fluid-air interface subject to a pressure difference, surface tension, and electric forces.
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where the nondimensional parameters k ϵ p a L 0 / ␥ and ϵ 0 V 0 2 / ␥L 0 are used. The parameter is similar to the "electrical bond number" identified in previous works or to the parameter W used by Melcher. 23 Since the electric field near the interface is of interest, it is convenient to choose the length scale L 0 = L ͑Fig. 2͒, bounding the coordinate x along the interface such that ͉x͉ Յ 1. The voltage scale V 0 is chosen equal to the applied voltage V.
If the electric field equals zero, the sine of is a linear function of x, sin ͑x͒ =−kpx, and the interface is part of a circle. Therefore, equilibrium can exist only if 0 Յ p Յ p max , where
IV. ANALYTICAL SOLUTION FOR ELECTROSTATIC POTENTIAL
An analytical expression for the electrostatic potential ⌽ near the interface is developed as a function of x , y, voltage ͑that can be applied to either the interface or to the electrode͒ and the separation distance between the electrode and interface. To solve the Laplace problem in a closed square domain near the interface, simulation results from the finite element simulation package COMSOL 32 are used. The electrostatic potential is used to calculate the electric field, and hence the electric ͑Maxwell͒ stress, on the interface. An analytical expression for the electric field ͑calculated using the analytical form of the electrostatic potential͒ is essential so that the impact of the applied voltage and electrode separation on the electric field, and ultimately on interface equilibrium, can be determined. A purely numerical solution to the electric field at discrete values of the operational parameters does not sufficiently describe this relationship.
Since L L and h L , the accuracy of the analytical expression for the electric field in the vicinity of the interface, when taken on the scale of the entire domain, is very low. This is because only a finite number of terms in the Fourier series can be used. To overcome this problem, the electric field on a scale similar to the size of the interface in a region adjacent to the interface is calculated. This means that a finite number of terms in the Fourier series can be used while still ensuring an accurate representation of the field. This is the relationship between the two domains in Figs. 1 and 3-the large domain is solved numerically and the results of the simulation are used to determine the boundary conditions for the analytical form of the electric field in the small domain. The only results used from the simulation are the form of the electrostatic potential along the boundaries of the small domain plus some constants, as described below.
The electrostatic potential is found for the square domain D ͑Fig. 3͒. This domain is bounded by lines S x − , S x + , S y , and S f ͓0͔ ͑zero level of fluid͒. The electrostatic potential ⌽ satisfies the Laplace equation ͑6͒ and the new boundary conditions
where f͑x͒ and g͑y͒ are found from the COMSOL simulation ͑described in Sec. IV B͒. These functions satisfy the boundary conditions
where v B denotes the voltage at point B ͑Fig. 3͒.
A. Fourier series for electrostatic potential
From Polyanin, 37 the electrostatic potential in the square domain D can be represented as
where the constant coefficients A m , B m , and C m need to be estimated from the boundary conditions in Eq. ͑9͒. F͑x , y͒ in Eq. ͑12͒ as well as each of the terms in the summation in Eq. ͑11͒ satisfy the Laplace equation. Therefore, ⌽͑x , y͒ also satisfies the Laplace equation. Note that F͑x , y͒ has the same values at the corner points of the domain D as the electrostatic potential ⌽͑x , y͒. To find the coefficients A m , B m , and C m , the boundary conditions in Eq. ͑9͒ are applied to the electrostatic potential from Eqs. ͑11͒ and ͑12͒. This procedure requires explicit expressions for the functions f͑x͒ and g͑y͒. 
B. Obtaining boundary conditions from COMSOL simulations
In this paper, the boundary conditions for the Laplace equation in the small domain are found using a finite element simulation. Such an approach allows a functional dependence of the electric field on applied voltage and separation distance to be obtained.
A two-dimensional computational domain was constructed spanning a region at least double the specified electrode separation. The interface and counterelectrode are flat surfaces with zero thickness and positioned at the center of the computational domain. The computational domain is meshed with over 70 000 elements, and higher densities are used in areas of high potential gradients ͑i.e., near the electrodes͒. The number of elements was selected from mesh convergence studies.
The interface electrode was 300 m in width and the counterelectrode is set at 25 mm. A voltage of 2500 V is applied to the interface electrode and the counterelectrode is held at ground ͑0 V͒ potential. The permittivity of the domain was assumed to be that of free space. Five models are constructed with five different separation distances ranging from 5 to 15 mm; all other parameters are kept constant.
For the geometry of Fig. 1 , the electrostatic potential depends on L, L , h, and the applied voltage V. Using the finite element simulation, the electrostatic potential ⌽ at the boundary S y ͑Fig. 3͒ has a parabolic dependence relative to the coordinate x, where, for voltages at A and B defined as v A and v B , this can be represented as
Note that the function f͑x͒ in Eq. ͑13͒ satisfies the first boundary condition in Eq. ͑10͒.
Realizing the same procedure for the electrostatic potential on the boundaries S x − and S x + ͑Fig. 3͒, the function g͑y͒ in the boundary conditions in Eq. ͑9͒ can be approximated with the function ͱ y. The function g͑y͒ is tangent to the ordinate axis and can be represented as follows:
͑14͒
Note that the function g͑y͒ in Eq. ͑14͒ satisfies the second and third boundary conditions in Eq. ͑10͒. Consider the points A and B in Fig. 3 . Voltages at these points depend on L, L , h, and V. By fixing L, L , the dependence of, for example, the voltage V A at point A on the applied voltage V and the separation distance h can be found. From the finite element simulation, this dependence is linear relative to the applied voltage V and logarithmic relative to the separation distance h, as shown in Fig. 4 . This dependence for
where the parameters ␣ A , ␤ A depend on L and L . The parameters ␣ A and ␤ A can be identified from the simulation using the applied voltage V ϳ and the voltages V A ͑1͒ , V A ͑2͒ at point A for different separation distances h 1 , h 2 , respectively ͑Fig. 4͒. For point B, the dependences of v B has the same form as in Eq. ͑15͒. Thus, using the finite element simulation results, analytical expressions for the voltages v A and v B can be found as functions of applied voltage v and separation distance h. It will be shown below that the electrostatic potential ⌽ is fully determined by the voltages v f , v A , v B . Therefore, the analytical dependence of the electrostatic potential on the coordinates x , y and the parameters v , h will be established and used for the investigation of interface equilibrium.
C. Electrostatic potential in the square domain
Using Eqs. ͑13͒ and ͑14͒ for f͑x͒, g͑y͒ and the boundary conditions in Eq. ͑9͒, coefficients of the Fourier series ͑11͒ can be expressed as
where FresnelC͑X͒ϵ͐ 0 X cos͓͑ / 2͒ 2 ͔d is Fresnel's function. Thus, the complete set of equations for the analytical description of the potential ⌽ includes the following: Eqs. ͑11͒, ͑12͒, ͑15͒, and ͑16͒.
The analytical model of the electrostatic potential was solved in MAPLE. 38 Using L = 12.5 mm, L = 150 m, h = 10 mm, and V = 2.5 kV, a plot of the electrostatic potential in the square domain D is shown in Fig. 5 for 33 terms in the Fourier series. For these same parameters, the potential along the boundary S f ͓0͔ is shown in Fig. 6 . Based on Fig. 6 , it can be concluded that the first boundary condition in Eq. ͑9͒ is realized with an accuracy better than 0.02%. 043601
D. Electric field and electric stress on the interface
Consider the circular-shaped interface from Sec. III C. The maximum pressure that can be applied is p max = ␥ / L . For water with surface tension ␥ = 0.072 N / m and an interface size of L = 150 m, the maximum pressure is p max Ϸ 480 Pa. Figure 7͑a͒ shows the horizontal e x and vertical e y components of the electric field as well as the normal component E n of the electric field for a circular-shaped interface at half the maximum pressure ͑p = 240 Pa͒. The corresponding electric stress T nn is shown in Fig. 7͑b͒. From these figures , the electric charge is concentrated at the edge of the interface.
Since the horizontal component of the electric field is much smaller than the vertical one, the interface tends to take a form where the normal n deviates from the vertical as much as possible. For example, for a flat interface, the normal n coincides with the vertical direction and the potential energy of the electric forces is a maximum. To minimize the potential energy, the interface becomes "cone shaped." Notably, the interface angle tends to be closer to 90°near the interface edges where the electric charges are most concentrated. Interface shapes are further investigated below.
This method for calculating electric stress is used throughout this study. Specifically, the electric field is calculated for the small square domain ͑Fig. 3, described above͒ and the solution is used to determine the electric stress on the ͑flat or nonflat͒ interface. Using this method implies that the impact of the interface shape on the electric field is removed.
To confirm this approach, the value of the integral of the electric stress calculated using the field for a square domain ͑analytical approach͒ was compared with values calculated using fields for nonsquare domains ͑numerical approach͒ for interfaces of various shapes ͑i.e., a flat interface, a rounded circular interface, a sharp conelike interface͒. For the analytical approach, the integral of electric stress is determined using the electric field for the square domain ͑described above͒ applied to the interfaces of various shapes. For the numerical approach, the electric field and integral of electric stress is determined using the same finite element models described in Sec. IV B. Although differences in the value of the electric stress exist between the two approaches ͑mostly at the edges of the interface͒, in all cases, the maximum difference in the integral of the electric stress between the two approaches was 5% or less. 
parameters and an interface angle of 40.7°, the integrals of electric stress are 12.45 and 13.13 mN/ m for the analytical and numerical models, respectively. The integral of electric stress is shown below to be a dominant term in determining interface equilibrium. It is important to note that the accuracy of the analytical approach is improved by including more terms in the Fourier series ͓see Eq. ͑11͔͒.
V. INTERFACE RUPTURE IN AN ELECTRIC FIELD
In this section, the stress equilibrium equation and the interface differential equation are integrated and a critical function is defined. Critical surfaces and critical curves are then drawn in the operating space of the problem parameters. These critical surfaces and critical curves determine subdomains in the operating domain of the problem parameters where equilibrium or quasiequilibrium can exist. Points on the critical surfaces correspond to "rupture points" of the interface. The influence of the pressure difference on the interface shape in the quasiequilibrium subdomain is also investigated.
The electrostatic potential ⌽͑x , y , v , h͒ was found in the previous section and is now used for further calculations. Based on Eqs. ͑7͒ and ͑8͒ from Sec. III and the interface differential equation d / dx = , the function s ͑x , z͒ that describes the fluid-air interface can be found from the following system of equations: with s ϵ sin 0 and z ϵ͑p , v , h͒ T is a vector of operational parameters. Note that the stress equilibrium equation is integrated with boundary condition ͑0͒ = 0 in the middle of the interface, and the interface equation is integrated with boundary condition ͑−1͒ = 0. The function s ͑x , z͒ defined in Eq. ͑20͒ is the integral of the electric stress. Since the interface is symmetric relative to the y axis, only half of the interface for −1 ഛ x ഛ 0 needs to be calculated. Equations ͑17͒-͑22͒ can be used to calculate a "smooth interface" with parameters s =0, 0 = 0 as well as a "sharp interface" with parameters s = s * 0, 0 = 0 * 0. Equations ͑17͒-͑22͒ are not self-consistent since the interface shape s ͑x , z͒ is found in the last stage in Eq. ͑22͒, whereas this function needs to be known in Eq. ͑18͒. To solve this, an iterative procedure for finding the interface is used. Using a known zero iteration estimate ͓0͔ ͑x͒ in Eq. ͑18͒, an improved estimate, ͓1͔ ͑x͒, is found using Eq. ͑22͒. Repeating the procedure, a series of estimates ͕ ͓0͔ ͑x͒ , ͓1͔ ͑x͒ , ͓2͔ ͑x͒ , ...͖ is determined that is found to converge quickly for all cases investigated in this study. For any three sequential iterations leading to the estimates ͕ ͓i͔ ͑x͒ , ͓i+1͔ ͑x͒ , ͓i+2͔ ͑x͖͒ calculated in this study, the ͓i +2͔ iteration estimate was always between the ͓i͔ and ͓i +1͔ iteration estimates. Therefore, the maximum difference between the functions ͓i͔ and ͓i+1͔ on the segment ͓−1,0͔ defines the closeness of the ith iteration estimate ͓i͔ to the limit solution. In one example for a sharp interface using a flat zero iteration estimate ͓0͔ ͑x͒ϵ0, the first iteration estimate ͓1͔ ͑x͒ is determined with an accuracy of 16% from the limit solution, and the second iteration estimate ͓2͔ ͑x͒ is determined with an accuracy of 2.4% from the limit solution. The accuracy for estimating a smooth interface is typically three to five times better at each iteration.
These results can be improved if the flat zero iteration estimate is replaced with a circular-shape initial estimate for a smooth interface or a cone-shape initial estimate for a sharp interface. The results of the iterative procedure for three iterations for a smooth interface are shown in Fig. 8͑a͒ . Here the zero iteration estimate is flat, and the second and third iteration estimates are almost identical. The iterative estimation procedure corresponding to a sharp interface is shown in Fig. 8͑b͒ ; more details on this scenario are shown in Sec. VI.
A. Critical function and interface rupture
Using Eq. ͑21͒, a "critical function" is introduced and is defined as s ͑x,z͒ ϵ sin s ͑x,z͒ = s − kpx + s ͑x,z͒, ͑23͒
which satisfies the following differential equation:
The parameter s equals zero for a smooth interface, and the corresponding interface state is referred to as "equilibrium." For a sharp interface, the parameter s = s * 0, and a thin jet emerges from the tip of the cone-shaped interface. In this case, it is not accurate to describe the interface state as equilibrium. However, based on Ref. 7 , for liquids with relatively high conductivity, the jet formation zone is limited to the apex of the meniscus. The remaining surface is practically equipotential and an almost static equilibrium of forces exists at each point. In this study, the focus is on high conduc- tivity fluids since they are of particular importance in mass spectrometry and for emitters used in mass spectrometry, and the fluid is assumed to be a perfect conductor. Therefore, a static equilibrium of forces is assumed to exist at every point for the sharp interface, and the static equilibrium equations ͑17͒-͑22͒ can be used with the parameter s = s * 0. The corresponding interface state is defined as "quasiequilibrium." Arguments of the critical function can vary in the domains x ͓−1,0͔ and z V, where V is the operational domain. Equilibrium or quasiequilibrium may exist if the critical function ͉ s ͉ Ͻ 1 for all x ͓−1,0͔. Points where the critical function ͉ s ͉ = 1 correspond to rupture of the equilibrium or quasiequilibrium states of the interface. In the next subsections, surfaces ͉ s ͉ = 1 are drawn in the operational domain V for a specific value of x.
The operational domain V can be described as a parallelepiped in three-dimensional space,
The maximum pressure p max =1/ k = ␥ / p a L was found in Sec. III C, and values of the parameters v max , h min , h max are adopted from experiments. For this work, the dimensional values of these parameters are p max = 480 Pa, V max = 3 kV, h min = 2 mm, and h max = 15 mm. As to the minimum pressure p min , it takes different values for equilibrium and quasiequilibrium and is described in the next subsections.
B. Equilibrium subdomain: Critical surface and critical curves
For a smooth interface in equilibrium, the parameter s = 0 and the pressure difference is always non-negative: p ജ 0 ⇒ p min = 0. Therefore, a monotonic function s ͑x , z͒ ജ 0 has its maximum at x = −1. A critical function for this equilibrium state is defined as 0 ͑z͒ ϵ ͓ s ͑x,z͔͒ s=0,x=−1 = kp + 0 ͑z͒, ͑26͒ 0 ͑z͒ ϵ 0 ͑− 1,z͒.
Then the "critical surface" for the equilibrium state can be defined as S 0 ϵ͕z : 0 ͑z͒ =1͖. This critical surface is plotted in the domain V in Fig. 9 . The critical surface S 0 determines the subdomain V 0 ʚ V in the operational space where equilibrium can exist. Note that for large values of applied voltage V, the range of the pressure difference p and the separation distance h where equilibrium is maintained is much narrower than it is for small voltages. Points on the critical surface 0 ͑z͒ = 1 are "rupture points" of the interface or "critical points."
A more direct evaluation of the critical points can be made by plotting critical curves, cross sections of the critical surface, in Fig. 9 along planes parallel to the coordinate plane. As an example, critical curves are depicted in Fig. 10 for ͑a͒ applied voltage V = V ϳ = 2.5 kV and ͑b͒ separation dis- 
C. Quasiequilibrium subdomain: Critical surface and critical curves
The interface remains in the equilibrium state while the operational point ͑p , v , h͒ is in the subdomain V 0 ʚ V ͑Fig. 9͒. However, when the operational point gets to the critical surface S 0 and the operational parameters to their critical values ͑p c , v c , h c ͒, experiments ͑Fig. 11͒ show that the interface breaks and transforms into a conical shape with a thin jet emerging from the apex. The parameter s becomes s = s * 0; the parameters v and h remain equal to their critical values, v * = v c , h * = h c , and the pressure drops to a new value p * Ͻ p c since some mass of fluid is ejected when the interface breaks. As a result, a quasiequilibrium state of the interface occurs. Unknown parameters s * and p * can be estimated from experiments or found by minimization of potential energy in the square domain including the interface ͑see Sec. VI͒.
For the electrified interfaces shown in Fig. 11 , the working fluid is a 100 M solution of rhodamine B in 70:30 MeOH : H 2 O with 1% AcOH. Voltages between 2500 and 3000 V are supplied using a high voltage source ͑Labsmith HVS448͒ and the counterelectrode separation distance is between 7 and 12 mm. The Taylor cone is formed from the end of a metal capillary with an inside diameter of 140 m and an outside diameter of 300 m. Flow is supplied using a syringe pump ͑Cole Parmer͒ and the images are taken using an inverted fluorescent microscope ͑Leica͒ and charge coupled device camera ͑Sony͒. To capture clear images, the interface is illuminated with light at a wavelength of 515-560 nm and light at wavelengths exceeding 590 nm are passed to a camera. These wavelengths are ideal for the excitation/emission spectrum of the fluorescent dye rhodamine B, and the use of rhodamine B allows for the interface to be more easily visualized. However, it is typically found that the jet emitted by the interface cannot be visualized when illuminated by the filtered light. This is likely because of the narrow bandwidth that is applied and the small volume of the jet. The jet can be visualized when the full spectrum ͑bandwidth͒ of light is applied.
As in the previous subsection, a critical function for quasiequilibrium is defined as * ͑z͒ ϵ ͓ s ͑x,z͔͒ s=s * ,x=−1 = s * + kp + * ͑z͒, ͑27͒ * ͑z͒ ϵ * ͑− 1,z͒.
The critical surface for the quasiequilibrium state can be defined as S * ϵ͕z : * ͑z͒ =1͖. To draw the critical surface S * , the lower bound p min of the pressure difference needs to be estimated first.
From Fig. 11 , the critical function ͑27͒ is always nonnegative, 
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Plane model of fluid interface rupture Phys. Fluids 20, 043601 ͑2008͒ * ͑z͒ = s * + kp + * ͑z͒ ജ 0.
͑28͒
Using a flat horizontal surface as the initial assumed shape for the interface and the iteration procedure described above, the function * ͑z͒ can be replaced with the function * ͑v , h͒, which is a function of the voltage and the separation distance. The function * ͑v , h͒ is at its maximum for a maximum voltage and minimum separation distance. Therefore, the lower bound p min of the pressure difference can be found from Eq. ͑28͒ as follows:
The Taylor angle from Ref. 2 is T * = 49.3°, and the corresponding interface angle is 0 * = 40.7°. For this interface angle and the problem's parameters introduced above, the minimum pressure difference is p min = −644 Pa.
The critical surface S * is plotted in the operational domain V in Fig. 12 . This surface determines the subdomain V * ʚ V where quasiequilibrium exists. Note that for large voltages and small separation distances, the pressure difference in the quasiequilibrium subdomain is always negative. Also, it is clear that the parameter s = s * 0, which is a function of the magnitude of the apex angle, affects the location of the critical surface. Regarding Fig. 12 , the critical curves for cross-section planes V = V ϳ = 2.5 kV and h = h ϳ =10 mm look similar to those in Fig. 10 
D. Interface shape dependence on pressure difference
In this section, the dependence of interface shape on pressure difference p is discussed. There are three possible shapes for the interface as shown in Fig. 13 . Convex-concave ͑2͒ and convex ͑3͒ shapes were observed in experiments ͑Fig. 11͒. A concave ͑1͒ shape was described in Ref. 34 for a water-oil interface and in Ref. 13 for a liquid metal-air interface. As discussed in Sec. I, in contrast to previous work, the pressure difference is treated as an independent parameter that influences equilibrium and shape, but is not necessarily directly coupled to the other parameters ͑it is only directly related to the other parameters when the operational point lies on the critical surface͒. This approach is consistent with other works in the literature. 18, 22 The value of the pressure difference term has a dramatic impact on the construction of the operational domain.
From Fig. 13 , the critical function * ͑x , z͒ ϵ͓ s ͑x , z͔͒ s=s * satisfies the following equations:
where Ј * ϵ d * / dx. Using the differential equation ͑24͒ for the critical function and Eq. ͑30͒, the following ranges of the pressure difference determine the interface shape: 
͑32͒
The separation surfaces ⌿ 0 = 0 and ⌿ 1 = 0 as well as the critical surface * = 1 can be plotted in the operational domain V ͑Fig. 14͒. The critical surface * = 1 is plotted for the interface angle 0 * = 40.7°which corresponds to the Taylor apex angle T * = 49.3°. 2 The critical and separation surfaces determine three different subdomains V 1 , V 2 , and V 3 in the quasiequilibrium subdomain V * ͑Fig. 14͒. The subdomain V 1 corresponds to the concave interface shape ͑Fig. 13-1͒ and can be approximately characterized as a subdomain with negative pressure difference and low applied voltages. The subdomain V 2 corresponds to a convex-concave interface shape ͑Fig. 13-2͒ and can be approximately characterized as a subdomain with negative pressure difference and high applied voltage. Lastly, the narrow subdomain V 3 corresponds to a convex interface shape ͑Fig. 13-3͒ with small positive or small negative pressure difference. Note that for larger values of interface angle ͑or smaller values of Taylor angle͒, the critical surface * = 1 in Fig. 14 moves in the direction of smaller values of pressure difference, whereas the separation surfaces ⌿ 0 =0 and ⌿ 1 = 0 remain unchanged. Therefore, for some large values of the interface angle 0 * , the subdomain V 3 does not exist ͑in the quasiequilibrium subdomain͒ and only the convex-concave and concave interface shapes can be realized.
If one of the three operational parameters ͑p , v , h͒ is fixed, the critical and separation surfaces can be replaced by critical and separation curves. As an example, the critical and separation curves are plotted for a specific applied voltage V ϳ = 2.5 kV ͓Fig. 15͑a͔͒ and for a specific separation distance h ϳ =10 mm ͓Fig. 15͑b͔͒. It follows from Fig. 15͑a͒ that for an applied voltage V ϳ = 2.5 kV, only the convex-concave and convex interface shapes exist. For a separation distance h ϳ = 10 mm, all three types of interface shapes can exist, but the concave shape can be realized only for applied voltages lower than 1.8 kV ͓Fig. 15͑b͔͒.
The results here show that it is the pressure difference that governs the shape, or more specifically, the generatrix, of the interface when it is emitting an electrospray. The separation surfaces predicted by the model represent transitions in the interface shape in the quasiequilibrium subdomain. 
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VI. MINIMIZATION OF POTENTIAL ENERGY AFTER INTERFACE RUPTURE
As mentioned above, the voltage on the interface and the separation distance after breaking the interface equilibrium stay equal to their critical values, v * = v c , h * = h c , but the parameter s and the pressure difference p get new unknown values, s * 0 and p * Ͻ p c . These values can be predicted by minimization of the potential energy on and near the interface of all applied forces: Pressure difference, surface tension, and electric field. 15, 19 The parameters s * and p * will attain values that will minimize the potential energy immediately after interface rupture. It is important to note that the value of the pressure difference term attained after rupture, p * , can vary from this initial point to other values in the quasiequilibrium domain-as described by the equilibrium model above.
Consider the square domain D in Fig. 3 . The interface and its initial flat horizontal state are denoted as S f and S f ͓0͔ , respectively. Denote the area of the fluid between S f and S f ͓0͔ as V f . Then the potential energy ⌸ in the square domain D can be represented as the sum ⌸ = ⌸ p + ⌸ ␥ + ⌸ e of the pressure difference potential energy ⌸ p , the surface tension energy ⌸ ␥ , and the electrical energy ⌸ e ,
͑33͒
where dl is an elementary arc length of the interface and ds is an elementary area in the domain D.
Using the normalization procedure of Sec. III, the minimization of the potential energy ⌸ can be reduced to the minimization of the nondimensional objective function U of two variables s and p,
where
The functions cos ͑x , s , p͒ and ͑x , s , p͒ can be found from Eqs. ͑17͒-͑22͒ for known values v = v * and h = h * .
For the dimensional parameters L = 12.5 mm, L = 150 m, V * = 3 kV, h * = 10 mm, and a fluid surface tension of ␥ = 0.027 48 N / m, the minimum value of the objective function is U min = 0.86 at s * = 0.74 and p * = −0.0016. This corresponds to an interface angle of 0 * = 47.6°͑or Taylor angle T * = 42.4°͒ and a dimensional pressure difference p * = −166.8 Pa. These are the values the parameters s and p will attain immediately after interface rupture using the given parameters L, L , V * , h * , and ␥.
Sections of the objective function U͑s , p͒ by the planes p = p * and s = s * are shown in Figs. 16͑a͒ and 16͑b͒ , respectively. Regions on the s and p axes where the objective function equals zero correspond to conditions where quasiequilibrium does not exist. Note that the Taylor angle T * = 42.4°d iffers from the classical value of 49.3°͑Ref. 2͒. In this case, the interface is not a perfect cone but has convex-concave shape since the operational point ͑p * , v * , h * ͒ lies in the subdomain V 2 ʚ V * ͑Fig. 14͒. Three iterations of this sharp interface are shown in Fig. 8͑b͒ using a flat initial estimate. Note that the ͓i +2͔ iteration estimate lies between the estimates of the ͓i͔ and ͓i +1͔ iterations, and the iterative algorithm converges quickly. According to Fig. 16 , point ͑s * , p * ͒ is the local minimum of the function U͑s , p͒. Therefore, the quasiequilibrium interface shape in Fig. 8͑b͒ is stable. 8 Potential energy minimization is used to predict the apex angle and the pressure difference when the interface achieves quasiequilibrium ͑i.e., electrospray͒, and it explains the de- viation of empirically measured cone angles from the value predicted by Taylor. This approach still allows for the value of the pressure difference term to vary from the initial value p * that was obtained immediately after interface rupture.
VII. SUMMARY
In this study, an analytical model of a fluid-air interface rupture in an electric field was developed. The primary focus was to relate the equilibrium and the observable characteristics of an electrified interface to operational parameters. More specifically, the developed model reveals the relationship between interface equilibrium, interface shape, electrospray, and operational parameters. In addition, two important aspects of interface shape and equilibrium were also addressed: the effect of the excess pressure term and the importance of the apex angle term ͑including the use of energy minimization͒. These three items form the core of this study.
It is shown that the operational point of an electrified interface sits in a three-dimensional space of the main parameters. The model is used to predict whether an interface is in equilibrium or quasiequilibrium ͑i.e., emitting an electrospray͒ based on the value of the operational parameters. It also predicts the conditions necessary to transfer between states. It was shown that interface equilibrium can exist if the three operational parameters ͑pressure difference, applied voltage, and separation distance͒ exist in a subdomain of the whole domain of the problem parameters. To solve for the electric stress on the interface, a solution for the electrostatic potential in the vicinity of the interface was determined. The proposed method for the solution of the electrostatic potential gave an accurate analytical representation of the field in the vicinity of the interface, so that the impact of applied voltage and electrode separation on interface equilibrium and shape could be determined.
A critical surface in the whole domain of the problem parameters that marks the boundary of equilibrium for the interface was found, and this surface bounds the equilibrium subdomain. The critical surface is an analytical equation that is a function of the three operational parameters. When the operational parameters reach the critical surface, an interface rupture occurs, and the smooth interface transforms to the sharp or conical-shape interface with a thin jet emerging from its apex. This state of the interface is referred to as quasiequilibrium, and it can be approximated by the proposed system of equations. As a result, the operational parameters that are necessary to form an electrospray can be predicted.
The quasiequilibrium subdomain is also bounded by a critical surface, and it is shown that an interface in equilibrium and emitting an electrospray can exist if the operational parameters exist in this subdomain. Therefore, the operational parameters that are necessary to maintain an electrospray can be predicted. The quasiequilibrium subdomain was divided by "separation surfaces" into three smaller subdomains where "concave," "convex-concave," or "convex" interface shapes can exist. The location of the separation surfaces, and more importantly the shape of the interface generatrix, was shown to be governed by the pressure difference. By treating the pressure difference term independently, this relationship was revealed.
Empirical evidence reveals that the angle at the tip of the cone ͑the apex angle͒ differs from Taylor's predicted angle and can take many different values. It is revealed that the magnitude of the apex angle has a dramatic impact on the location of the critical surface, and therefore on interface equilibrium. It is also shown that the interface angle and pressure difference immediately after the equilibrium is broken can be found by minimization of the potential energy on and near the interface. Using this technique, the value of the interface angle and pressure difference immediately after an electrospray is formed can be predicted.
Knowledge of the loss of equilibrium and formation of an electrospray as a function of the three operational parameters is important, so that better design and operating decisions for electrospray emitters can be made. The model described in this study predicts the required conditions that lead to the formation of a quasiequilibrium state ͑i.e., an electrospray͒, the conditions required to maintain equilibrium, and also the shape of an electrified interface. It is useful to apply only the minimum required electric field ͑a function of voltage and separation distance͒ and pressure to form and maintain an electrospray, and to avoid excessively large voltages and pressures. This minimizes the power requirements, the geometric constraints on channel size, and the mechanical stresses on the emitter device.
